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Abstract 

We compare the structure of the tree level scattering amplitudes in non-Abelian 
tensor gauge field theory and in open string theory with Chan-Paton charges. We 
limit ourselves considering only lower rank tensor fields in both theories. We identify 
the symmetric and antisymmetric components of the second rank tensor gauge field 
with the string excitations on the third and forth levels. In the process of this 
identification we have been selecting only those parts of the tree level scattering 
amplitudes in the open string theory which have dimensionless coupling constants 
in four dimensions. It seems that this subclass of tree level scattering amplitudes 
may provide important information about the structure of the open string theory 
and most probably it is equivalent to the non-Abelian tensor gauge field theory. 
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1 Introduction 



An infinite tower of particles of high spin naturally appears in the spectrum of different 
string theories. In the low energy limit the massless states of the open string theory with 
Chan-Paton charges can be identified with the Yang-Mills gauge quanta [1, 2, 3]. It is also 
expected that in the tensionless limit or, what is equivalent, at high energy and fixed angle 
scattering the string spectrum becomes effectively massless [4, 5, 6, 7, 15, 16, 8, 9, 17, 10, 
11, 12, 13, 18, 14]. It is of great importance to identify these states with the spectrum of 
some Lagrangian quantum field theory [19, 20, 21, 23, 22, 24, 25]. 

One can imagine that these massless states are combined into the infinite tower of tensor 
gauge fields and one could guess that the possible solution could be found by the extension 
of the Yang-Mills gauge symmetry [26] to non-Abelian tensor gauge fields. This possibility 
was suggested recently in [27, 28, 29]. Recall that non-Abelian gauge fields are defined as 
rank-(s+l) tensor gauge fields A a Xi Xs t and that one can construct infinite series of forms 
C s (s = 1,2,..) which are invariant with respect to the extended gauge transformations 
[27, 28, 29]. These forms C s are quadratic in the field strength tensors G a ^ vXi Xs and the 
general Lagrangian is an infinite sum of these forms (1.1). 

The resulting gauge invariant Lagrangian defines cubic and quartic interactions with 
dimensionless coupling constant between charged gauge quanta [27, 28, 29] 

A a A a A a 

carrying a spin larger than one. Note that all these non-Abelian tensor gauge bosons have 
the same isotopic charges as the vector gauge boson A a . The gauge invariant Lagrangian 
describing dynamical tensor gauge bosons of all ranks has the form 

£ = C YM + C 2 + g 3 £ 3 + ...., (1.1) 

where Cym is the Yang-Mills Lagrangian. For the lower-rank tensor gauge fields the 
Lagrangian has the following form [27, 28, 29]: 

'''Tensor gauge fields A® Xi Xe (x), s = 0, 1, 2, ... are totally symmetric with respect to the indices Ai...A s . 
A priori the tensor fields have no symmetries with respect to the first index /z. In particular, we have 
A l\ ^ A \n and A lx P = A l P \ ^ A \» P - Thc adjoint group index a = 1, ...,N 2 - 1 in the case of SU(N) 
gauge group. 



1 



1-2 — - ^ F ,A^ F ,A _ -^^txv,\\ 

1 1 1 

_(~ia (~ia _ _(~~ ia f^ a _ z^" 1 (~~ ia 

where the generalized field strength tensors are: 

^Vi/ = ^m^" ~~ ®i>Ap + gf abc A h ^ A c y , 
G^ x = d,Al x - d v Al x + gt bc ( A\ A c uX + A\ x A c v ), (1.3) 

na _ Q \a a \a , n fabc( 46 4c , 46 A c -i- A b A c _|_ 4^ 4 C 

The Lagrangian forms C s for higher-rank fields can be found in the previous publications 
[27, 28, 29]. The above expressions define interacting gauge field theory with infinite many 
non-Abelian tensor gauge fields. Not much is known about physical properties of such 
gauge field theory and this article is one in the series of articles devoted to its studies 
[30, 31, 32, 33, 34]. 

In the present paper we shall focus our attention on the lower-rank tensor gauge field 
A a x , which decomposes in this theory to the symmetric tensor Ts of helicity two and 
antisymmetric tensor Ta of helicity zero charged gauge bosons [29]. The Feynman rules 
for these propagating modes and their interaction vertices can be extracted from the above 
Lagrangian (1.2) [29] and are reviewed in the next section. These Feynman rules allow, in 
particular, to calculate tree-level scattering amplitudes for the production of tensor gauge 
boson in annihilation processes [33, 34]. 

It is an interesting question if this non-Abelian tensor gauge field theory have any 
connection with the open string theory with Chan-Paton charges [35] ^ In the spectrum 
of the open string theory with Chan-Paton charges there is a massless vector gauge boson 
V on the second level and there are rank-two massive tensor bosons T s on the third level 
and T A on the forth level carrying the same isotopic charges as the vector boson V. These 
states are depicted schematically on the Fig.l as Ts and Ta- The emission vertices for 
these states are defined as follows [2, 3, 36]: 

e a {k) : X a e lkX : a k 2 = 

e aa ,{k) : X a X a 'e lkX : a k 2 = -1 

C aa >{k)\ : (X a X a> - X a> X a )e ikX : a'k 2 = -2. (1.4) 

*This question was raised to the author by Costas Bachas and initiated this investigation. 
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Figure 1: The first excited levels of the open bosonic string. The state at the third level is 
a symmetric, traceless, rank-2 tensor T$ of SO(D — 1). At the fourth excited level there is 
an antisymmetric rank-2 tensor T4, of SO(D — 1). If the open string carries Chan-Paton 
charges at its endpoints then these excited states have the same isotopic charges as the 
massless vector boson V on the first excited level. 



They allow to calculate different tree level scattering amplitudes for these tensor bosons. 

Our intension in this article is to compare the tree-level scattering amplitudes of the 
second rank tensor gauge bosons in non-Abelian tensor gauge field theory and tree-level 
scattering amplitudes of the tensor bosons in open string theory with Chan-Paton charges. 

Our aim is two- fold: first, to review the general structure of the interaction vertices in 
non-Abelian tensor gauge field theory [27, 28, 29] and, second, to calculate similar tree-level 
scattering amplitudes in the open string theory in order to compare their structures. By 
"similar" tree-level scattering amplitudes we mean the special selection of amplitudes of 
the open string theory when the corresponding amplitudes in four-dimensional space-time 
have dimensionless coupling constants. These amplitudes should have only one space-time 
derivative in the case of triple interaction vertices and have no derivatives in the case 
of quartic interactions. We are choosing this subclass of interaction amplitudes of open 
string theory because this subsector of amplitudes with dimensionless coupling constants 
naturally appears in the low-energy limit when one can ignore the higher derivative terms. 
Only this subclass of vertices appears in non-Abelian tensor gauge field theory [27, 28, 29]. 

The open string tree-level scattering amplitudes are defined only on the mass-shell 
[2, 3]. Therefore in order to compare them with the tensor gauge field theory vertices we 
have to project them to the mass-shell. We have found that after projection the scattering 
amplitudes with dimensionless coupling constant for the lower-rank tensor fields in these 
theories coincide. This result tells that most probably the subsector of the open string 
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theory with dimensionless coupling constants is equivalent to the non-Abelian tensor gauge 
field theory. 



2 Feynman Rules for Non-Abelian Tensor Gauge Fields 

We shall describe here the interaction vertices of the vector and tensor gauge bosons in non- 
Abelian tensor gauge field theory [27, 28, 29]. For that let us recapitulate the construction 
of the corresponding Feynman rules [29]. Because the Lagrangian (1.1) is quadratic in field 
strength tensors {G) 2 = (dA + g[A, A]) 2 , it allows only cubic and quartic interactions with 
dimensionless coupling constants: 

g [A,A]dA, g 2 [A,A][A,A]. 

In particular, the interaction of the Yang-Mills vector bosons with the charged tensor gauge 
bosons described by the Lagrangian (1.2) are of this type. The Lagrangian (1.2) can be 
represented in the form of polynomial in Yang-Mills vector field A a a and tensor gauge field 
of the second rank A a a& [29]: 

1 1 1 

r n — - A a H - - A a -I V abc A a A b A c -I yabcd ,A a A b A c A d .4- (9 ^ 

It has the kinetic term AHA for the tensor gauge field and the interaction vertices between 
two tensors and a vector, the VTT-vertex V„^g 77 and two tensors and two vectors, the 
VVTT-vertex V ab ? d , cf . The kinetic operator of the Lagrangian is 

apj-yoo 1 o o 

1 1 2 

Had'yy\k) ( Va-yVdj ^VajVaj ^VadVfy}^ Vaj^^k^ -\- Tj^k a k^ 

^(.Vct^fkdk'y i]^h a k^ -\- Tj a( ^k^k^ -\- i]j^k a k^ (2.6) 

and it is symmetric under simultaneous interchange of the indices a <-> a and 7^7, 
but it is not symmetric with respect to a single interchange a <-> a or 7 <-> 7, because 
the tensor field A a a6l is not a symmetric tensor. It is also fully gauge invariant operator 
k a H a a^ = 0, kaHa^-y = 0, therefore there is no negative norm states in the spectrum 
[27, 28, 29]. It describes the propagation of massless particles with helicities two and zero. 
Indeed, when k^ is aligned along the third axis, k^ = (k, 0, 0, k), the equation 

H a ^(k)r(k) = (2.7) 
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has three independent solutions of the helicity two and zero 
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(2.8) 
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with the property that £ 7 7 £ aa + e 2 ^e\ x ~ K^a^a + V y \Vi\ ~ V~ryV\\) an d C 77 C A 
^iv-yxVjx ^VjxV-yx)- The symbol ~ means that the equation holds up to longitudinal terms. 
The second-rank tensor gauge field A a & with 16 components describes in this theory three 
physical transversal polarizations. The propagator A^ xx (k) is defined through the equa- 



tion H[™ Jk)A~ r/ .(k) = VaxVdx > and has tne following form: 



AA 



4 W 7 'a' + ZVjx'Vj'x ~ Zv^'Vxx' 



(2.9) 



^ AAVV 3(Jfe 2 - is) 

The corresponding residue can be represented as a sum 

? = (^ 7 A + ~ ^7^/aa) + g(W 7 A ~ ^aW 

The first term describes the A = ±2 helicity states and is represented by the symmetric 
part e a& of the polarization tensor, the second term describes A = helicity state and is 
represented by its antisymmetric part Cad- 

Let us now consider three-particle interaction vertex - VTT. Explicitly first three-linear 
term of the Lagrangian (1.1) has the following form: 
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- ~ 2 9l abc {d,Kx - duA^) (A^Al x + A^At) - - A 9f ab \d,Al - d v A^ 2A^ vX . 
This is in addition to the standard Yang-Mills VVV three-vector boson interaction vertex 



C? blc = --gf^d.Al - d^A^Al, 
which in the momentum representation has the form 



V^(k,p,q) = -igf abc F a ^(k,p,q) = -igf abc [r] al 3(p-k)^+r] ai (k-q)f } +i] f}l (q-p) a }. (2.10) 
In momentum space our vertex has the form 

-igf abc F a a^(k,p, q) = -igf abc [r]ap(p - k) 1 + r] ay (k - q) p + r] Pl {q - p) a ]V6cy- (2.11) 

5 



a, era' 




b, (3 

Figure 2: The interaction vertex for the vector gauge boson V and two tensor gauge bosons 
T - the VTT vertex - V£% 7i (k,p, q) in non-Abelian tensor gauge field theory [29]. Vector 
gauge bosons are conventionally drawn as thin wave lines, tensor gauge bosons are thick 
wave lines. The Lorentz indices ad and momentum k belong to the first tensor gauge 
boson, the 77 and momentum q belong to the second tensor gauge boson, and Lorentz 
index (3 and momentum p belong to the vector gauge boson. 

We have also a second part of the three-particle interaction vertex VTT. Explicitly the 
second three-linear term of Lagrangian (1.1) has the following form: 

+ \gf ahc {d»Al x - d v Al x ) (A^A c Xu + Al v A c x ) 
+ \gf ahc {d,Al v - d u A%) (A b ^A c xx + A\ x Al) 
+ \gf ahc {d,Al - d v AD {A\ v Al x + Al x Al v ), (2.12) 

so that in the momentum space we have 

ig^f abc F'aa^{k,P, q) = ig^f abc { + (p- k) 7 (r} a7 r) &l3 + rj a& r]^) 

+ (k - q)p(r]aj'il&'y + VadV^) 
+ (<1- p)a(Vd 1 Vl3i + V&pV-yy) 
+ {p- k) A r] af3 r)^ + {p- k) 7 r) af3 r) &7 

+ (k- g)d^ 7 ^/37 + {k- q)jri a ~fVaP 

+ (q~ P)aV^Va-y + (<? ~ P)jVaaV^}- ( 2 -13) 

Collecting two terms of the three-point vertex VTT together we shall get [29] 

K%^(k, V, q) = -igf ahc {F a&(iYl - l -F' a& ^} = -igr hc T a& ^ (2.14) 
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Figure 3: The quartic vertex with two vector gauge bosons and two tensor gauge bosons - 
the VVTT vertex - V^ b ^ s ^(k,p,q,r) in non-Abelian tensor gauge field theory [29]. Vector 
gauge bosons are conventionally drawn as thin wave lines, tensor gauge bosons are thick 
wave lines. The Lorentz indices 77 and momentum q belong to the first tensor gauge 
boson, 88 and momentum r belong to the second tensor gauge boson, the index a and 
momentum k belong to the first vector gauge boson and Lorentz index (3 and momentum 
p belong to the second vector gauge boson. 

where the indices (a, a, a, k) belongs to the tensor gauge boson, (6, (3,p) to the vector gauge 
boson and (c, 7, 7, q) to the second tensor gauge boson (see Fig.2). 

Let us consider now four-particle interaction terms of the Lagrangian (1.2). We have 
the standard four vector boson interaction vertex WW 

V^ s (k,p,q,r) = -g 2 f lac f lbd ( V «^s - VasVfr) 

-ST-f^f^tncnVps-ricsVfh) (2-15) 
and a new interaction of two vector and two tensor gauge bosons - the VVTT vertex, 



\g 2 r hc ! ah \A\Al x + A^Al)(A^Ai x + A^At) 
- \g 2 r hc r h "A\AlA\ x ^ (2.16) 



which in the momentum space will take the following form: 



a 

/I (lad flbc 



~ 9 f f (V*f3V~fS - Va-tVps^s 
- 9 2 f lab f cd (v a ^s - VaSV^S- (2-17) 



The second part of the vertex VVTT is 

1 

4 



+ - A 9 2 r bc f a HKAl x + A^ADiA^Al + A\ V A\ 
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+ \g 2 ! ahc ! ai& A\Al{A\ v A\ x + A\ X A\X (2-18) 
which in the momentum representation will take the form 

Kll^ V, q, r) = \g 2 f ac f lbd [ + Va,(v^s + V^Vss) 

l9 2 f lad f lbC [ + Vap(%sm8 + V^%s) 

- VcniVpSVv + VMVss) 

+ VpsiVcSVrt + V^%s))- ( 2 - 19 ) 

The total vertex is 

V2£W*.P> r) = i^(*,P, g, r) + Fg^ffop, q, r). (2.20) 

In summary we have off-mass- shell Yang-Mills vertex VVV (2.10), the new vertex VTT 
(2.14) together with Yang-Mills vertex WW (2.15) and the new vertex WTT (2.20) (see 
Fig.2,3). 

2.1 Three-Point Amlitudes 

In order to compare these vertices with the corresponding tree-level amplitudes of the open 
string theory one should project them to the mass-shell, because the string amplitudes can 
be computed only on the mass-shell § . The three point scattering amplitudes for massless 
particles are equal to zero for the real momenta (k, p, q), but if one allows complex momenta 
§ We shall derive the corresponding string amplitudes in the next section. 
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or a different space-time signature [37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 50, 51, 52], 
then these matrix elements have nontrivial behavior and we will be able to compare them 
with the open string tree-level amplitudes. 

Thus multiplying the above VTT vertex (2.14) by the vector wave function e l3 {p) and 
tensor wave functions f aa (k) and P^(q) we shall get the amplitude Vfef: 

VZ^(k,P, q)\mass-sHell = -igf^l + (k - qf^^' - \tT V* ^ 

+ (?-p)VV 7 '-^ 7 V 7 ) 
-^-prVv T '-^ 7 > T ) 

+ (p - A0 7 (?f V' 7 ' - ^ Q 'V 7 ') 
-^b-fc) 7 VV' 7 -^V 7 )]- (2.21) 

Here we have used the transversality of the wave functions (2.8): 

p^(p) = 0, k a n(k) = k d r d (k)=0, q ^(q) = q ^fn(k) = 0. (2.22) 

and that they are traceless trf(k) = trf(q) = 0. In (2.21) and in the subsequent formulas 
for amplitudes we shall not show the wave functions. The tensor wave function f a& here 
is a sum of symmetric e a d and antisymmetric £ aQ parts (2.8). 

We shell separate the parts of this vertex which are symmetric - T s and antisymmetric 
-Ta with respect to the indices of the tensor field of / aa = £ aa + C, a & ■ The symmetric Veee 
part of the amplitude is 

V ad/377 ( h, \\ 
abc {K,Pi q)\mass-shell ~ 



*\gf abc l +{k- 


- qf{rf ei rf ! ' 1 ' 


+ ?7 QT V 7 ) 












l, 

+ 4 (g 




+ r/^V 7 ) 




1, 


- fc) 7 (7/ a V' 7 ' 


+ /V 7 ') 




I, 
+ 4 (P " 


- /c) 7 '(77 Q V' 7 


+ /V 7 )]- 


(2.23) 



The antisymmetric VCeC part of the amplitude is 

Kt" 77 ^^, g)U s - she « = -^/ a6 l + (* - qf^V 1 ' - ^ 7 V' 7 ) 
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fc) 7 (r/ a V' 7 ' 






fc)7 (^/y'7 


-?7 Q 'V 7 )]' 



(2.24) 

The mixed symmetry part VeeC of the amplitude is 

VZ^(k,p, q)\ mass . shell = -i^gf abc [ +(q- p)<W 7 - <V 7 ') 

+ (q - p) a ' (V a1 ' V 131 -r/ Q V 7 ') 
+ (p - k^^rf 1 ' + ri^'rf' 13 ) 

- (p - /c) 7 ' (?? a V ' 7 + 77 a7 77 Q,/3 )] . (2.25) 

The last vertex is symmetric under the interchange (a <-> a ) and antisymmetric under 
(7 <-> 7'). There is also mixed symmetry part of the vertex which is antisymmetric in 
(a <-> a') and symmetric under (7 <-> 7') the VCee amplitude: 



VZ^(k,p, q)\ mass - shell = -i^9f ahc [ + (q~ pHrf V 7 + ^ V 7 



- (q - pT \v aj V 7 + ?/ a V 7 ) 

+ (p - ky(rj afS rj a '^' - rTrf' 1 *) 

+ (p - k) 1 ' (^V' 7 - r/ a7 77 Q,/3 )] (2.26) 

One can check that the sum of the above four terms (2.23), (2. 24), (2. 25) and (2.26) gives 
the total vertex (2.21). 

2.2 Complex Deformation of Momenta 

The nontrivial three-point amplitudes can be defined if one considers complex momenta or 

the space-time signature rf v = ( — I h) . Then the momenta can be chosen as follows 

[46]: 

ki — (u, z, iz, k), k% — (ou, — z, — iz, k), k% — (2a;, 0, 0, 2k), 
to fulfill the momentum conservation 

k 1 + k 2 = k 3 . 
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All massless bosons are on mass-shell k\ — k\ — k 3 — 0, (a; 2 = k 2 ) and 

ki ■ k 2 = k 2 ■ k 3 = k 3 ■ ki = 0. 

Let us first consider the matrix element VVV for the vector gauge bosons. The polarization 
vectors are 

e+ = ^,l,-i,-f), 4 = -L(-l,l,-i,?-), e~ = ^(0,M,0) 

and are orthogonal to the corresponding momenta 

k\ • ef — 0, k 2 ■ e\ = 0, k 3 ■ e 3 = 0. 

We can compute now the matrix element using trilinear vertex VVV (2.10): 

M(+,+,-) = F^(fc lj fe ) fe) e J 1 (fc 1 ) C +(fe)e-(A S ) = 
= -2e\ ■ e% h ■ e 3 - 2e\ ■ e 3 k 2 ■ e\ + 2eJ • ef k 3 ■ e\ = 8^2z. (2.27) 

And indeed, it is nonzero and grows linearly with momentum deformation z. Using spinor 
representation of the momenta and polarization vectors [44] 

fca&-A a Ai, e ad - </i>A> , e - - Ja^J' 

where 

A a = (V^,^±S), A, = (v^,^S), fc + = A; t + ^, 
one can see that 

< 1,2 >=< 2,3 >=< 3,1 >= 0, 

but 

[1,2] = -4,s, [2,3] = 2v^z, [3,1] =2V2z, 

and 

/- [1 2] 4 
M(+,+,-) = - v / 2 ; *"' ! 



[1,2] [2, 3] [3,1]' 

We can calculate now the trilinear vertex VTT matrix element using expressions (2.14), 
(2.23) 

M(+2, +1, -2) = r^ih, k 2 , k 3 )eUh)e^(k 2 )e^(k 3 ) = 
= 2(fci + k 3 ) ■ el ■ e 3 + (-k 3 - k 2 ) ■ ■ e 3 ■ ef + (k 2 - h) ■ e 3 • ef • ef 

= l2V2z, (2.28) 
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where E+ & (ki) = e+(fci)et(fc 1 ), e^(k 3 ) = e 7 (h)e^ (fc 3 ). It is nonzero and also grows 
linearly with momentum deformation z. Using spinor representation we shall get 

M( + 2, +1 ,- 2H -M_|!_ (2 . 29) 
2.3 T/ie Dual Lagrangian 

For completeness let us also recall expression for the dual Lagrangian which is defined as 
follows [31, 32]: 

1 _ i 

^2 — ^Li^A^p.A fxv^ p,v,\\ "T 

1 _ 1 _ 1 

where the dual field strength tensors are: 

= ®nA a Xv — d v A a X[X + gf abc ( A b ^ A c Xv + A b XfX A c u ), 

22 1 fefe 22 1 

Gp^Ap = { ^(g^Ai/p + g^pi/A — g^Ap) + C ^p (g^Lp + g^p^A ~~ g^Ap) + 

2 2 1 b 2 2 1 

~ ^^3^ 3^^ A ~~ 3^Ap) + 9f a c (g^A^tp + g^ppA ~~ g^pAp) A c u } 

+ 9f abc (KA; u + A^Al u ). (2.31) 

Here we have a similar polynomial expansion of the dual Lagrangian: 

1 1 „ 1 _ 

The kinetic term is identical with the kinetic term (2.6) of the Lagrangian £2 

(*) = (" 

~^J]a.^ko i k^i -\- Tj^k a k^ -\- T/a^k^k^ -\- Tj^^k a k(^j (2.33) 

and is fully gauge invariant operator k a H a ^ = 0, k^H a ^ = 0. One can get also the 
explicit form of the dual cubic vertex VTT from the dual Lagrangian £ 2 (2.30) 

^ad/377 = -^/ a6C {^aa/377 _ ^^T^' 

where 

F a& p^(k,p, q) = [rjapip - fc) 7 + rj^(k - q) p + r]^(q - p) & ]r] ai (2.35) 
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and 



K&PTyikiPi q) = (p- ^(rja-yVaP + VadVfr) 
+ (q ~ P)d(VaiVf3~f + VapVjj) 

+ (p ~ k) a r} d pri^ + (p - fc) 7 r/«i/3^ 

+ (k — q)aVaiVp~/ + (k~ g) 7 ^7?? Q/ 3 

+ (q - P)aVf3iVa~f + (q~ P)~fVaaVP7- ( 2 -36) 

There is an important property of the dual vertex (2.34) which follows from the fact 
that the above Lagrangians (1-2) and (2.30) are dual to each other in the sense of the 
transformation 

A a& = A aa , ^ 
A - — -(A ■ + A- ) — -A - 

add 3^ dad ~ dad J 3 ad' 

Indeed, if one simultaneously interchanges the indices a <-> a, 7 <-> 7 of the dual cubic 
vertex (2.34), then one can see that it will transform into the cubic vertex (2.14) and via 
versa: 

Vad^-y — —Wf abC {FaaP^ ~ ^aa^} = ~~ W {Fda^~ f ~ ^F&aPiJt = V&aPry (2.38) 

It is also obvious from the above relation that if one considers the self-dual sum 

C 2 + C 2 , (2.39) 

then the corresponding VTT vertex will be self-dual in the sense that under duality trans- 
formation (2.37) a <-> a, 7 <-> 7 it will be mapped into itself: 

Vadftyy ^adftyy ¥ ^dafSyy ~t~ Vadflyy ^adf3yy- (2.40) 

3 Open Strings Tree-Level Amplitudes 

In this section we shall calculate a tree-level scattering amplitudes in the open string theory 
with Chan-Paton charges in order to compare them with corresponding matrix elements in 
non-Abelian tensor gauge field theory. We shall consider scattering amplitudes of the first 
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excited states of open string depicted on the Fig.l, that is the charged scalar, vector and 
tensor bosons. To set up notation let us begin with the simplest example of the tree-level 
scattering amplitude for the three on-shell massless vector bosons. The vertex operator 
has the following form [2, 3]: 

e a (k) : X a e ikX (y) : (3.41) 

and we shall represent the disk as the upper half-plane so that the boundary coordinate y 
is real y G [— oo, +oo]. The tree amplitude can be represented in the form 

V™(^ h) = Fwofa, k 2 , k 3 )tr(\^\ a *\ a *) + F^^(k 2 , h, k 3 )tr(\ a 2\^\ a *) : 

where the matrix element F is given below 

F^^ 3 (k 1 ,k 2 ,k 3 ) = 
= /il MVi) <■ X^e^ x ( yi ) :: X^e ik * x {y 2 ) :: X^e ik * x {y 3 ) :> 

= lim JJ \ Vi - y j \ 2a ' kik * y\ 

ri^SfJ-l 

r fpfj-2 fpfj-2 _ i' r j?m / , [ i_ c^a ' l \ 

u V2 V2 [yi (y2-y 3 ) 2 V2 (ys-yi) 2 m (yi - y2? u 

and we have to sum over two orderings of the vertex operators on the disk. The vector 
functions F£ are given below (3.44). All bosons are on mass-shell 

a k\ = a k\ = a k\ = 

and k\ + k 2 + k 3 = 0. The wave functions of the vector bosons are 

e ni( k i), e^ 2 (k 2 ), e M (fc 3 ) (3.42) 

and are transversal to the corresponding momenta ki ■ e(ki) = 0, i = 1,2,3. The matrix 
element F fllfl2fl ' i has the following dimensional structure: 

[iT™^] _ ( a ')3( fc )3 + {af(k)\ (3.43) 

Our intension is to extract that part of the amplitude which has dimensionless coupling 
constant, that is, the last term. We shall fix the integration measure by the choice y\ = 
0, 2/2 = 1, 2/3 -> oo: 

lim H\y t - yj \^^ _>i 

yi=o, W2=i, j/3^°o .jr 

14 



F£ = -2ia (-^— + —2 — ) - -2ia' (-^) 

2/1 2/1-2/2 2/1-2/3 

F£ = -2ia (-^— + — — — ) -> -2ia' (+^ 2 ) 

2/2 —2/1 2/2 — 2/3 

F£ 3 = -2m' (-^— + ) - -2ia' (-%■) (3.44) 

y 2/3 - 2/i 2/3 - 2/2 2/3 

Thus for the F^^(k 1 , k 2 , k 3 )tr(X ai X a2 X as ) we have 

i{2a') 2 [-kt 2 ll r ] ^ 3 + jfcf 77" 3 " 1 - fcJV 1 " 3 + 2ak^k1 2 kt 3 \ tr(X ai X a ' 2 X as ) (3.45) 
and adding the equal term 

z(2a') 2 [+A£ 1 ?/ t2 ' 13 - V 3W + fc^V 1 " 2 + 2a W k? 2 k? 3 } tr{X ai X a2 X az ) (3.46) 

we can get the total matrix element together with the reversed cyclic orientation a±, f/,i, ki <-> 
02, fi 2 , k 2 . 

2i{a') 2 [ (k 3 - k 2 y i rj^ 3 + (h - h f 2 ^ 1 + (k 2 - hY 3 ^ 2 + 

+ 2a'(k 2 -k 3 Y 1 k^ 2 k^ 3 } tr([A a \A a2 ]A a3 ). (3.47) 

Leaving only dimensionless coupling constant we shall have the corresponding VVV am- 
plitude: 

Ka^(h,k 2 ,k 3 ) = 

= ig tr{[X ai , A a2 ]A a3 )[ (fc 3 - k^ 1 ^ 3 + (h - h)" 2 ^ 1 + (k 2 - k^r,^ 2 ] . (3.48) 

which coincides with the Yang-Mills vertex (2.10) projected to the mass-shell. In the next 
subsection we shall perform a similar calculation of the scattering amplitude between two 
symmetric tensor bosons T5 and a vector boson V in open string theory (see Fig.l) in order 
to compare it with the amplitude (2.23), (2.28) in non-Abelian tensor gauge field theory. 

3.1 Tree-Level Amplitude for Two Symmetric Tensors and Vector 
The vertex operator for the symmetric T$ rank-2 tensor boson on the third level is 

e aa ,(k):X a X a 'e* kX (y): (3.49) 

and together with the vertex (3.41) can be used to calculate now the scattering amplitude 
between vector and two tensor bosons: 

VX/ 77 ' (jfc, p, q) = F aa '^' (jfc, p, q) tr(X a X b X c ) + F^ ^ (q, p, k) tr(X c X b X a ) (3.50) 
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where the wave functions of the pair of tensor gauge bosons and the vector boson are: 



£ aa '(k), e p {p), s w (q). (3.51) 

We shall define for convenience k\ = k,k 2 = q, k 3 = p, and k\ + k 2 + k 3 = 0. The mass-shell 
conditions are 

a k\ = a k\ = — 1, a k 2 = 0. 
We have to calculate the correlation function: 

Ff W (k,p,q) = 
= [U MVi) <: X a X a ' e ikX ( yi ) :: X^X^'e^ x (y 2 ) :: X^" x (y 3 ) :> 

= lim U\yi-yj\ 2a ' kthj vl 

2/1=0,2/2=1,2/3— *°o . 

{(^ tt ') 9l ^(^ 7 ) 92 - 



-In \F a F 13 F 1 - I- F a F 13 F 1 - I- F a F 13 F 1 ' I- F a F 13 F 1 ' I- 

[ yi m V2 (yi - y2? Vl m V2 - y 2 ) 2 V1 yi V2 (yi - y 2 ) 2 Vl m m (2/1 - y 2 ) 2 
V1 m y2 {y,-y 2 ) 2 yi yi y2 (ys-y 2 ) 2 Vl m V2 (y 3 - yi) 2 yi m 2/2 (2/3 - 2/i) 2J 

n^l n<* 7 ^"7 ^ 7 

+ (2a) 2 \+F 13 - - + F 13 - - + 

1 n m (2/1 - y 2 ) 2 (2/1 - y 2 ) 2 m (2/1 - y 2 ) 2 (yi - y 2 ) 2 



1 1 



r)/37 ri" 7 r 3l 7 

+ F a 1 1 |_ p a 1 1 |_ 

yi (2/3 - y 2 ) 2 (2/1 - y 2 ) 2 Vl (2/3 - y 2 ) 2 (2/1 - y 2 ) 2 

+ F a 1 1 |_ p a 1 1 |_ 

V1 (2/3 - y 2 ) 2 (2/1 - y 2 ) 2 yi (2/3 - y 2 ) 2 (2/1 - y 2 ) 2 



1 1 



(3a a 7 (3a 07 
+ F 1 " " + F 1 " " + 

V2 (2/3 - 2/1) 2 (2/1 - y 2 ) 2 m (2/3 - 2/1) 2 (2/1 - y 2 ) 2 

1 n 0oc a 7 , (3a 07 

(2/3 - 2/1) 2 (2/1 - y 2 ) 2 (2/3 - 2/1) 2 (2/1 - y 2 ) 2 

The amplitude has the following dimensional structure: 

F aa '^' ~ {af{kf + («') 4 (A;) 3 + (a')^^ 1 , (3.53) 

where the first term contains the fifth power of a and the fifth power of momentum and 

so on. We are interested only in the last term which contains the first power of momentum 
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and therefore has the dimensionless coupling constant. We shall fix the integration measure 
by the choice y± — 0, y 2 — 1, 1/3 — > 00 : 



hm ni^-%f a ' fe * -1. 

2/1=0, 2/2 = 1, J/3->00" 

F" = -2ia' (— ^— + — ^) _> _2ia' (-g Q ) 

2/1 - 1/3 2/1 - 2/2 

F 7 = -2ia' (— ^— + — — ) -> -2ia' (F) 

J/2 —2/3 2/2 — 2/1 



F£ = -2ia' ( + — q - ) - -2ia (-— ) , (3.54) 



and keeping only part of the amplitude linear in momentum we shall get: 

F£ a '^\k,p,q) = -*(2a') 3 [ - k\rf^rf^ + n ai V' 7 ) 

-q a (rj^r ] a '' r ' +77^'t7 q ' 7 ) 
-g a '(/V 7 ' + / 7 V 7 ) 
+ F(77 Q V' 7 ' +/V 7 ') 
+ F (^V' 7 + 7/ V 7 )] • (3-55) 

We can add an equal term 

Fg a '^\k,p, q) = -i{2af[ + q\rf^rf^ + tj^V' 7 ) 

+ ^(^7^V + ^7) 

-p 7 (?7 Q V' 7 ' +r/ a 'V 7 ') 

- p 7 ' (?f V' 7 + 7/ a ' V 7 )] (3.56) 

in order to get symmetric expression: 

F^ a '^\k,p,q) = - % -{2af{ + (g - k) 13 (r] ai n^ ^' + r] a "<' r] a ' "<) 

+ (p-q) a {v pl v a ' J ' + r/ 37 V' 7 ) 

+ (A;-p) 7 (?7 a V' 7 ' +rf / V 7 ') 

+ (Jfe - p) 7 ' (77* V' 7 + rfV 7 )] . (3.57) 
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Substituting this into the expression (3.50) with the terms in the reversed cyclic orientation 
a, (a, a), k <-> c, (7, 7'), q we shall get: 

VZ PW (k,p,q) = tr([\ a ,\ b ]\ c )F« a '^\k,p,q) . (3.58) 

This expression should be compared with the expression (2.23) in tensor gauge field the- 
ory. We see that they have a similar Lorentz structure, but with some differences in the 
coefficients. We don't know exactly the origin of this difference, but most probably it is 
connected with contributions of higher rank non-Abelian tensor gauge fields, which we do 
not take into consideration in this article. 

3.2 Tree-Level Amplitude for Two Anti- Symmetric Tensors and Vector 
The vertex operator for the antisymmetric T4 rank-2 tensor boson on the forth level is: 

Caa'W : X^X<*\ ikX = C aa ,{k)\ : (X°X° - X" X a )e ikX : . (3.59) 

The antisymmetric wave functions of the pair of tensor gauge bosons and the vector boson 
are: 

£«'(*), Cr/(g), e/»(p) (3-60) 
and we shall define for convenience k\ = k,k 2 = q, k 3 = p,. The mass-shell conditions are 

a k\ = a k\ = —2, a k\ = 

and k\ + k 2 + k% = 0. We have to calculate the correlation function: 

FT Pr, \k i p,q) = 

= /LI MVi) <■ X^X a 'h* kX ( yi ) :: X^X^e^ x {y 2 ) :: X^ x (y 3 ) :> 
J i 

= n 1™ II IW - %f Q ' fc< ^ % 2 7 W + 0{a)\kf + 

2/1=0,2/2=1,2/3— »oo 4 

1 J 2/3 [ (2/1 - 2/ 2 ) 4 (z/i - 2/ 2 ) 2 (yi - i/ 2 ) 3 (yi - 2/ 2 ) 3 
-2?7 a7 277"'^' -6?f* 7 ' rf*' 7 

(2/1 - 2/ 2 ) 3 (yi - 2/ 2 ) 3 (2/1 - ?/ 2 ) 4 (1/1 - ?/ 2 ) 2 
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(3.61) 
(3.62) 



7 



2?? «7 _2rfT ?f 7 -Q v a 

(yi - V2f (yi - y2f (yi - y2) 2 (yi - 2/2) 4 



jf~i -Qrja 7 27]^ -2r] a 7 

(yi - yi) 2 (yi - yiY (yi - y2f (yi - 2/2) 3 



i i 



2rf~< -2r] a ~< rf* 1 -6?? Q7 

V1 (2/3 - y2f (yi - 2/2) 3 (2/3 - y2) 2 (yi - i/2) 4 



rjPi -6rfT 2rj^ -2rf 7 

(2/3 - i/2) 2 (yi - ?/2) 4 (2/3 - 1/2) 3 (2/1 - 2/2) 3 

• + 2t^ 7 t? ' 7 ' 77^' 2rf~ < 

yi (2/3 - ?/2) 3 (2/1 - 2/2) 2 (2/3 - 2/2) 2 (2/1 - 2/2) 3 

^/3 7 ^rf^ 2rf^' rf" 1 

(2/3 - 2/2) 2 (2/1 - 2/2) 3 (2/3 - 2/2) 3 (2/1 - 2/2) 2 

' + 2rj^ -2rf 7 ' rf~* -Qri a ~< 

Vl (2/3 - ?/2) 3 (2/1 - 2/2) 3 (2/3 - ?/2) 2 (2/1 - 2/2) 4 

^7 -6r/ Q7 ' 2r]^' -2rf~i 

(2/3 - 2/2) 2 (2/1 - 2/2) 4 (2/3 - 2/2) 3 (2/1 - 2/2) 3 

yi (2/3 - 2/2) 3 (2/1 - 2/2) 2 (2/3 - 2/2) 2 (2/1 - ?/2) 3 
^/3 7 2 ^ Q7 ' 2t7 /37 ' t?" 7 

(2/3 - 2/2) 2 (2/1 - 2/2) 3 (2/3 - 2/2) 3 (2/1 - 2/2) 2 

-m ] 

-4\ ] 

+ K{ ] }, (3.63) 

where dots denote the terms which one can get by interchanging a, a with 7,7'. This 
amplitude has the same dimensional structure as the symmetric one: 

F «<*W „ ( a ') 5 (k) 5 + (a') 4 (A:) 3 + (a') 3 ^) 1 (3.64) 

and we shall calculate the term which contains only the first power of momentum, that is, 
the last term. Taking the corresponding limit 

lim U\^-y/ a ' k ' kj ->i 

2/1=0, J/2=1, 2/3^00 " 

Fy = -2ia + -*—) _> -2ia (-q a ) 

y 2/i - 2/3 2/i - 2/2 
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Fl = -lid (— ^— + — ^— ) -> -2ia' (F) 
2/2 - 2/3 2/2 - 2/i 



= -2<« + ) - -2*' (-^) 

2/3-2/1 2/3-2/2 2/3 



we shall get 



F^ 77 (Jfc,p,g) = -*(2a') 3 [ + FVv' 7 ' - r/ a7 V 7 ) 

+ g Q (7/ /37 77 Q ' 7 ' -rf^ rf 1 ) 

+ k^(rj afS rj a '^ -7/ a 'V 7 ') 

- f' (^V' 7 - ?7 Q ' V 7 )] • (3-66) 

Adding the equal term 

F% a '^'(k,p, q) = -t(2a') 3 [ - ^(^V 7 ' - ^V 7 ) 

+ p" (rf^rF 1 ' -rfirF) 
-p 7 (r/ a V' 7 ' -?7 Q 'V T ') 
+ p 7 ' (?? Q V' 7 - ^'V 7 )] (3.67) 
we shall get a symmetric in momenta expression 



Fr W (fc,P,g) = -|(2a') s [ 


"(9- 




-^V' 7 ) 




- (p- 


- q) a (jF'rf'' i ' 


-rF r 'v a '' r ) 




+ (P- 


- q) a ' \rF>rF 


- if^rF) 




"(P- 


fc) 7 (7/ a V' 7 ' 


-r/ Q 'V 7 ') 




+ (P- 




-r/ Q 'V 7 )]. 



(3.65) 



(3.68) 

Substituting this into the expression (3.50) with the terms in the reversed cyclic orientation 
a, (a, a'), A; <-> c, (7, 7'), g we shall finally get: 

V7 c W (^g) = *r([A a , A^iT W (*,P,<z)- (3.69) 
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This expression should be compared with the expression (2.24) and again we see that they 
have a similar structure. 



3.3 Mixed Symmetry Amplitudes 

Finally we shall calculate the mixed amplitude between symmetric and antisymmetric 
tensor bosons and a vector. The vertex operator for the symmetric Ts and antisymmetric 
T A rank-2 tensor bosons have been given above (3.49) and (3.59). Therefore the matrix 
element is: 

= fll da{ yi ) <: X a X a 'e ikX ( yi ) :: X^X^e^ x {y 2 ) :: X^ x (y 3 ) :> 
J i 

1 

\Vi -VjY"" 1 " 3 Vs 

i<j 

It I I 



n iim n \fn - y>\ 2a kikj vl o {°(«') 5 (*0 6 + °^ k ? + 



(yi - i/2) 3 (yi - yi) 2 (2/1 - 1/2) 2 (2/1 - 2/2)"' 

^7 2r] a ' 7 ' 2r] a ^' rf" 1 



(yi ~ 2/ 2 ) 2 (2/1 - 2/2) 3 (2/1 - 2/2) 3 (2/1 - 2/2) 



2 J 



(2/2 - ?/3) 3 (2/1 - 2/2) 2 (2/2 - 2/3) 2 (2/1 - 2/2) 3 

^7 27] a ' 7 ' -2rjP~< if~< 



(2/2 - 2/s) 2 (2/1 - 2/2) 3 (2/2 - 2/s) 3 (2/1 - 2/2) 



2 J 



(2/2 - ?/3) 3 (2/1 - 2/2) 2 (2/2 - 2/3) 2 (2/1 - 2/2) 3 

^/3 7 2 ^ Q7 ' -2r] /37 ' t?" 7 



(2/2 - 2/s) 2 (2/1 - 2/2) 3 (2/2 - 2/s) 3 (2/1 - 2/2) 2 

^7' ^a'/J ^a'7' 



+ F1+—^ --^ - + 



"- (2/1 - 2/2) 2 (2/1 - 2/3) 2 (2/1 - ?/3) 2 (2/1 - 2/2) 2 



2rf 7 ^ 277" t 



2/2 I 



(2/1 - 2/2) 3 (2/1 - 2/s) 2 (2/1 - 2/s) 2 (2/1 - 2/2) 3 



" J (2/1 - 2/2) 3 (2/1 - 2/3) 2 (2/1 - 2/3) 2 (2/1 - 2/2) 3 

+ i? 7 r 1 1 1 1 1 ) (3 70) 

y2 [ (2/1 - 2/ 2 ) 2 (2/1 - 2/ 3 ) 2 (2/i - 2/s) 2 (2/1 - lfe) aJ ! 
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Taking the corresponding limit we shall get 

FF*?\k,p,q) = ^(2a) 3 [ - sVV 7 ' - VS"' 7 ) 

- q a ' '{rf^rT -?fV 7 ') 

- \w (v^V 01 ' 1 + V aJ V a,f3 )} (3.71) 

or, in equivalent form, as 

F™^'(k,p,q) = - l -{2af[ + (p - <z)°(i/V V - r^V' 7 ) 

+ {p-qTirf^TT -r/ a V 7 ') 
+ ^ " p) 7 (r/ a V V + r^y ,/3 ) 

- -(k- P y\ri ap 7fT + 7^71°% (3.72) 
The mixed symmetry vertex will take the following form: 

FT ,p V\k lP ,q) = -£(2a') s [ + ±(p-«)VV V + / 7 V 7 ) 

- -(p - (/V 7 ' + ?? a V 7 ') 
+ (k — p) 7 (?fV' 7 ' - ^'rf' 13 ) 
+ (k- P y' (?fV' 7 - rf 7 ?/* '^J (3.73) 

Plugging both expressions into (3.50) with the terms in the reversed cyclic orientation 
a, (a, a'),k <-> c, (7, 7'), g we shall get: 

VS£' /J77 '(*,P,g)= tr([X a ,X b ]X c ) [F-'^\k,p, q ) + Ff"V'(k,p,q)] (3.74) 

which is in agreement with the expression we got in the tensor gauge field theory (2.25) 
and (2.26). 

4 Scattering Amplitude of Two Scalars and Two Tensors 

We shall get less trivial information about the structure of the VTT vertex of the open 
string theory if we shall compute the four particle scattering amplitude of two tachyon and 
two tensor bosons (see Fig.4). In the low energy limit these amplitudes will be dominated 
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by the exchange of the massless vector boson (see Fig. 5) and shall provide the information 
about the structure of cubic vertices Vi_2-2 and Vo-i-2- We are interested to calculate the 
following scattering amplitude on the disk (see Fig. 4): 

= /il MVi) <■ e tklX (yi) e lk2X {V2) ■■■ X»X»e ik s x (y 3 ) :: X x X p e^ x (y A ) :> 
J i 

{{F p F») ys {F x F p ) yi + 

n up uX fip fj,\ 

+ {-In )\F P F x - I- F p F p - I- F v F x - I- F v F p - 1 + 

+ { ~ 2a )2[ (ys-y^(y3-y^ + (2/3 -2/ 4 ) 2 S -ytf ]Y (4 ' 75) 

We shall fix the integration measure by the choice j/ 4 = 0, j/ 2 = 1, yi — > oo. The mass-shell 
conditions are 

a k\ = a k\ = +1, a A; 2 = a k\ = — 1 
and k\ + k 2 + k 3 + k 4 = 0. Thus 

,+oo *<i 



dfiivi) n \m - k * 3 = / *v* y\ n \vi - yj\ 2a kik] -> 

i<j 00 2/4=0, 2/2=1, yi^oo 

/+oo / / 

*/3 |?/3| 2a/C3fc4 \l-ys\ 2ak2ks (4.76) 
-oo 



and 



iUM Uti UP UP 

F£ = -2ia (-^— + + -^) - -2ia' (-^- + 

2/3 - 2/1 2/3 - 2/2 2/3 - 2/4 2/3 - 1 2/3 

k p k p k p , k p 

Fy = -2ia (-^- + + - -2ia' - % (4.77) 

2/4 - 2/1 2/4 - 2/2 2/4 - 2/3 2/3 

Therefore we shall get 

/+oo / / 

dys \y 3 \ 2ahik4 |i-2/ 3 | 2afe2fe3 
-oo 

UP UP l.v uu L.X L.P 

{ (2«') 4 (^ 2 - + ^)(^- + ^)(fc 2 A + %(^ + % 
1 2/3 - 1 2/3 2/3 - 1 2/3 2/3 2/3 

- (2a? ^ [(-^r + ^)((A5 + ^ A + (^2 + ^)) 

2/3 2/3-1 J/3 J/3 J/ 3 

I.V Uv h X h p 

+ (— - ? — r + %(^ A + ^ + {K + *)rf*)] 

2/3-1 J/3 J/3 J/3 

+ (2a') 2 -1 \rf x rf p + } (4.78) 



yi 
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Figure 4: Orderings of four open string vertex operators on the disk. The integral over 
y 3 in (4.76) splits into three ranges [— oo, 0], [0, 1], [1, +oo]. For these three ranges the 
vertex operators are ordered as in figures (d),(a) and (c) respectively. For the reversed 
cyclic permutation we shall get figures (f) (e) and (b). The coordinate y 3 increases in the 
direction of arrow. 

The integration over y 3 can be divided into three regions [— oo, 0], [0, 1], [1, +oo]. These 
pieces can be depicted by three diagrams d) a) and c) on the Fig. 4. For the reversed cyclic 
permutation we shall get diagrams f) e) and b) on the Fig. 4. Introducing Mandelshtam 
variables 

s = -(fa + k 2 ) 2 , t = -(k 2 + k 3 ) 2 , u = -{k 2 + h) 2 
we can represent the contribution of the (s,t) diagrams a) and e) in the form 

- (2a') 3 (tr(A ai A a2 A a3 A a4 ) + tr(A a4 A a3 A a2 A ai )) 
[B(-a's, -at + l)K^ puX {k A , k 2 ) + B(-ds - 1, -at + l)i^ A (fc 4 , h) 

- B(-a's + 1, -dt)K» puX (k 2 , k 2 ) - B(-a's, -d t)K^ uX (k 2 , fc 3 )], (4.79) 

the contribution of the (s,u) diagrams f ) and c) in the form 

- (2a') 3 (tr(A ai A a2 A a4 A a3 ) + tr(A ai A a3 A a4 A a2 )) 
[-B(-a's, -a'u)K^ uX {k 4 , k 2 ) + B{-d s - 1, -a'u + l)K^ A (fc 4 , h) 

- B(-a's + 1, -a'u)K^ uX (k 2 , k 2 ) + B(-a's, -a'u + l)K» puX (k 2 , k 3 )\ (4.80) 

and the the contribution of the (u,t) diagrams b) and d) in the form 

- (2a') 3 (tr(A ai A a3 A a2 A a4 ) +tr(A ai A a4 A a2 A a3 )) 
[B(-a'u, -a't + l)K» puX (k Al k 2 ) + B(-a'u + 1, -at + l)K ppvX (k A , k 3 ) 

+ B(-du, -a't)K ppvX (k 2 , k 2 ) + B(-du + 1, -a't)K» puX (k 2 , k 3 )], (4.81) 
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s-channel t-channel u-channel 



Figure 5: Feynman diagrams contributing to the low-energy limit of the open string scat- 
tering amplitude. The poles correspond to the exchange by a massless vector boson in 
s,t and u channels. The scalars are depicted as 0, vectors as 1 and tensors as 2. The 
quantities of main interest here are the dimensionless vertices Vi_2-2 between a vector and 
two tensors in s-channel and Vo-1-2 between a scalar, vector and a tensor in t,u channels. 
The last graph represents the contact vertex Vo-o-2-2- 

where 

K ppuX (k,p) = k^(p p rj uX + p x rf p ) + k v {p x rf p + frf x ). (4.82) 

Considering the limit as, at, au — > of the Euler functions we shall get for the s , t and 
u channel contributions: 

-(2a') 3 { + -^tr[\ a \\ a *][\ a 3\ a *}(K(k 2 ,k 3 ) - K(k A ,k 2 )) pp » x 
as 

- \tr[\ a \ \ a ^\ a %K{k 2 , k 2 ) + K(k 2 , h)Y pvX 
at 

- -^tr[\ a \ \ a %\ a *\ a %K{k 2 , k 2 ) - K(h, k 2 )Y puX }. (4.83) 
au 

which are shown on the Fig. 5. 

The last term in the matrix element (4.78) has no momentum dependence and represents 
the contact term. Evaluating the integration over in same way as we did above one can 
get: 

(2a') 2 { + ( trA ai A a2 A a3 A a4 + trA a4 A a3 A a2 A ai )B(-a's - 1, -at + 1) 
+ ( trA ai A a2 A a4 A a3 + trA ai A a3 A a4 A a2 )B(-a s - 1, -au + 1) 
+ ( trA ai A a3 A a2 A a4 ) + trA ai A a4 A a2 A a3 )B{-a't + 1, -au + 1)} 

{rf x r] vp + r 1 pp r 1 vX ). (4.84) 

Again considering the limit a s,a't,a'u — > of the Euler functions we shall get for the 
contact term 

(2a') 2 { tr[A ai ,A a4 ][A a2 ,A a3 ] + - tr[\ a \ \ a2 ][\ a \ A a4 ] }(^V P + V w v" X )- (4-85) 

This is the quartic vertex of Vo-0-2-2 and should be compared with correspond vertex in 
non-Abelian tensor gauge field theory [27, 28, 29]. 
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5 Conclusion 



Our intention in this article was to compare the structure of the tree level scattering ampli- 
tudes in non-Abelian tensor gauge field theory and in open string theory with Chan-Paton 
charges. We limit ourselves considering only lower rank tensor fields in both theories. We 
identify the symmetric T$ and antisymmetric T4 components of the second rank tensor 
gauge field A a a& with the string excitations T$ and Ta on the third and forth levels. In the 
process of this identification we have been selecting only those parts of the tree level scat- 
tering amplitudes in the open string theory which have dimensionless coupling constants in 
four dimensions. It should be mentioned that not all amplitudes have these dimensionless 
parts. In particular, the scattering amplitude of three tensor bosons T does not have di- 
mensionless parts. It seems that dimensionless subclass of tree level scattering amplitudes 
may provide information about the structure of the open string theory at the deepest level. 

In this respect one could mention that the cubic and quartic vertices of the massless 
Yang-Mills theory and a massive theory with spontaneous symmetry breaking are identical. 
Therefore if we want to extract a genuine massless proto-theory from the open string 
theory, which in accordance to David Gross is in a broken phase [4], it seems very natural 
to consider a subclass of amplitudes with dimensionless coupling constant and compare 
them with the amplitudes in non-Abelian tensor gauge field theory. 

It is also interesting to mention that the ratio of the masses of the tensor gauge bosons 
Ts and Ta in non-Abelian tensor gauge theory with spontaneous symmetry breaking is [54] 

?! = 3, (5.86) 
m s 

while in the open string theory it is (see Fig.l) 

§ = 4. (5.87) 

In both theories the antisymmetric tensor is more heavy. 

In conclusion I would like to thank Costas Bachas for stimulating discussions and his 
suggestion of comparing scattering amplitudes in both theories. I also would like to thank 
Sebastian Guttenberg and Spiros Konitopoulos for many discussions and CERN Theory 
Division for hospitality, where part of this work was completed. This work was partially 
supported by ENRAGE (European Network on Random Geometry), Marie Curie Research 
Training Network, contract MRTN-CT-2004- 005616. 
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